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Injective isometries in Orlicz spaces 

Beata Randrianantoanina 

Abstract. We show that injective isometries in Orlicz space Lm have to pre- 
serve disjointness, provided that Orlicz function M satisfies A2-condition, has 
a continuous second derivative M" , satisfies another "smoothness type" con- 
dition and either limt-vo AT" (t) = oo or M"(0) = and M"(t) > for all 
t > 0. The fact that surjective isometries of any rearrangement-invariant func- 
tion space have to preserve disjointness has been determined before. However 
dropping the assumption of surjectivity invalidates the general method. In 
this paper we use a differential technique. 



1. Introduction 



The study of isometrics of Banach spaces goes back to Banach's 1932 treatise on 
linear operators [Ban| and since then it received much attention in the literature, 
see the survey [FJ| with its over 300 references. We just mention here the results 
most closely related to the present work. 

Banach showed that in separable L p (Q, fi),p ^ 2, any isometry T : L p (£l, /i) — > 
L p (Q, n) is of the form 

Tf(Lu) = h(w)f(a(u)) 
where a : fi — > is a Borel automorphism of Q and h is a scalar function on 
Q. Banach obtained this result by showing that every isometry T of L p has to 



preserve disjointness i.e. if /, g E L f 



are such that /x(supp / n supp g) — then 
To achieve this he character- 



(cf. also [Lam]) 



also fi(snppTf n suppTg) 
ized disjointness of functions /, g through the differential properties of the function 
N(a) = ||/ + ag||. Similar technique was later applie d by Koldobsky [Kol] to study 
injective isometries of L p (L q ) and Kamihska | Kam | . who observed that isometries 



of Orlicz spaces Lm preserve disjointness under assumptions that both M and M' 
are strictly convex, M'(0) = M"(0) = and M satisfies A2-condition. 

In the present paper we adapt Banach's differential technique to Orlicz spaces 
Lm, where M satisfies A2-condition, another "smoothness type" condition (see 
Definition 2.2) and has a continuous second derivative M". We note that unlike 
Banach and Koldobsky we do not obtain conditions which are equivalent to the 
disjointness of supports of functions /, g. In the case when M"(0) = we only 
describe some conditions which are necessary for disjointness and some conditions 
which arc sufficient for disjointness, which together enable us to characterize the 
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injective isometries. The argument in the case lim^o M"(t) — oo is even more 
delicate and depends on the sum of sufficient conditions and necessary conditions 
for containment of supports of / and g. The lack of isometric conditions equivalent 
to disjointness should not be really surprising in view of the classical Bohnenblust's 



characterization of L p -spaces [LT, Theorem l.b.7]. 

We conclude the introduction by recalling that surjective isometries of complex 
Orlicz spaces were described by Lu mcr |Ll| , L2| (reflexive case) and Zaidenberg [jz|]. 



Jamison, Kamihska and P.K. Lin [ JKL| studied surjective isometries of complex 



Musielak-Orlicz spaces and real Nakano spaces. The form of surjective isometries 
of real Orlicz spaces follows from the description of surjective isometries of real 



rearrangement-invariant spaces [KR 



The results of present paper are valid in both complex and real case. 
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2. Definitions and preliminary lemmas 



We follow standard definitions and notations as may be found e.g. in |KrR| or 
|Ch| . We recall the basic definitions below. 

We say that a function M : [0, oo) — ► [0, oo) is an Orlicz function if M is 
convex, M(0) = 0, M(l) = 1, lim u _ M(u)/u — and lim„_» 00 M(u)/u = oo. 

The Orlicz function M generates the Luxemburg norm defined for scalar valued 
functions on Q by: 



II/IIm = inf{A : J M dfx < 1}. 



The Orlicz space Lm is the space of (equivalence classes of) measurable func- 
tions / with ||/||m < oo- 

We say that two Orlicz functions Mi and M 2 are equivalent if there exist uq > 
0, k, I > such that for all u > uo 

M 2 [ku) < Mi (it) < M{lu). 

This condition is of importance since Orlicz spaces Lm x , Lm 2 are isomorphic if 
and only if the Orlicz functions Mi, M 2 are equivalent. 



It is well known (see e.g. [Ch|) that any Orlicz function M can be "smoothed 
out" , that is for any M there exists an equivalent Orlicz function Mi such that Mi 
is twice differentiable and M"{u) > for all u > 0. Moreover, given any e > it is 
possible to choose Mi so that Lm and Lm x are (1 + e)— isomorphic to each other 



ICbJ 



We say that the Orlicz function M(u) satisfies the A 2 condition for large values 
of u if there exist constants k > and uq > such that for all u > uq 

M(2u) < kM(u). 



INJECTIVE ISOMETRIES IN ORLICZ SPACES 



3 



If the Orlicz function M satisfies the A2 condition then every Orlicz function 
Mi equivalent to M also satisfies the A2 condition. 

Note that Orlicz function M is convex so it has the right derivative M'. Kras- 
noselskii and Rutickii provide the following characterization of the A2-condition in 
terms of M'. 



Proposition 2.1. | KrRj , Theorem 4.1] A necessary and sufficient condition 



that the Orlicz function M(u) satisfy the ^-condition is that there exist constants 
a and uq > such that, for u > uq 

/n-n uM'{u) 

where M' denotes the right derivative of M . 

Moreover, if (|2.l| ) is satisfied then M(2u) < 2 a M(u) for u > uq. 

Functions which satisfy the A2-condition do not increase more rapidly than 



polynomials [KrR, p. 24]. In fact there exists a constant C so that for all u > u 



(2.2) M(u) < Cu a , 

where a and u$ are the same as in ( | 2.1| ). 

It is also true (see [Ch| or | KrRj ) that for any Orlicz function M and for any 
u > 

, s uM'(u) 

^ ~mU > 1; 

We now introduce another condition which on one hand is very similar to (2.1), 



but on the other hand is in its nature of "smoothness type" , as we explain below. 

Definition 2.2. Assume that the Orlicz function M is twice differentiable and 
that M satisfies the A 2 — condition. We say that M satisfies condition A 2 + if there 
exist constants (3 > and uq > such that for all u > uq 

(2-4) 

M'yu) 

Condition A2+ is very important for us because we can prove our isometry 
results only for Orlicz spaces Lm, such that M satisfies A2+. Thus we wish to 
observe that this condition is of "smoothness type" in the following sense: 

(i) for every function M which satisfies condition A2 there exists an equivalent 



Orlicz function Mi which does satisfy A2+, see Lemma 2.3; However, we do 
not know whether for every e > it is possible to choose Mi so that it is 
(1 + e)— equivalent with M, 
(ii) for every Orlicz function M which satisfies A2+ there exists an equivalent 
(even up to an arbitrary e > 0) Orlicz function Mi which does not satisfy 



A2+ (see Lemma 2.5). 



Lemma 2.3. Let M be any Orlicz function which satisfies condition A 2 . Then 
there exists an Orlicz function Mi which is equivalent to M and satisfies condition 
A 2 +. 



Remark 2.4. We do not know whether for every e > and every M satisfying 
A2 it is possible to choose Mi satisfying A2+ and (1 + e)— equivalent to M. 
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PROOF. Define M[ by (see Figure 1): 



!M'(u) ifu<2 
f k (u) if 2 fe < u < 2 k + 1 ,k G N 

M'(2 fc ) + (u - 2 fc ) M,(2fc+1 2 ) ~ M ' (2fc) if 2 fc + 1< u < 2 k+1 , k G N 

where : M — > R is an increasing, continuous, differentiable function such that 
f' k is monotone on [2 fe , 2 k + 1] and 



fk(2 k ) 
fk(2 k + l) 

/[-(2 fc + l) 



M'(2 fe ) 
M'(2 fe ) 



M'(2 fc+1 ) -M'(2 fc ) 
2* 



M'(2 k ) ~ M'(2 k - r ) 
2 k ~ 1 

M'{2 k+1 ) - M'{2 k ) 
2^ ' 









M> — 














1 2 


2 2 


2 3 




2 4 



Figure 1. 

Thus M[(u) is increasing, continuous and differentiable for all u G R+. Then 

Mi (it) = / M[{t) dt. 



We first check that Mi is equivalent to M. Indeed, for any u > 2 let A: G N be 
such that 2 k < u < 2 k+1 . Then we have: 

Mi(tt) = / M[(t)dt> M'(t) dt + ^2 3 M'(2 J ') 
Jo Jo J= i 

by (P) 



> ^ M(2 J ) > M(2 fe ) > M( 
i=i 
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Also we have: 
M x {u) 



M[{t) dt 



< 



2 

f M'(t) dt + Y] 2 j M'(2 j+1 ) + (u- 2 k )M'(2 k+1 ) 



by Q 



k+l 



k+2 



< M(l) + | £ M ( 2 ' +1 ) ^ 5 + f E M ( 2 ') 



j'=i 

by convexity of M 

k + 2 nr/nk+2\ 



1=1 



M{2 k 



1 Ui. x ^ 

- 2 + 2 2-*> ' 2 k + 2 - 1 
i=i 



<l + | M (2 fe+2 ) < I + |M(4u) < Q M(4u) 
since a > 1 
< M(4au) 

Since for u <2 M(u) = M\{u), we conclude that for all it > 

u 

M(-) < Mi(tt) < M(4cm) 

i.e. Mi is equivalent to M. 

Next we show that Mi satisfies condition A 2 +. 

Let u > 2 and k G N be such that 2 fc < u < 2 k+1 . Then, if 2 fe + 1 < u we have: 



uM'{{u) < 2 
M{(m) ~ 



fc+l Af'(2 fc + 1 )-Af'(2 fc ) 
2* 



(2.5) 



2M'(2 fc+1 ) 
M'(2 fe ) ~ M'(2 fc ) 

by Q and (||) 

aM(2 fc + 1 ) 



< 



2 fc + l 



M(2 k ) 
2 k 



aM{2 k+1 ) 
M{2 k ) 



by Proposition 2.1 
< a2 Q . 



If 2 fc < u < 2 k + 1, then M{(m) = f k (u) and we consider two cases: 
(1) If f' k is increasing on [2 fc , 2* + 1] then 



f k {u)<f k {2 k + l) = 



M'(2 fc+1 ) -M'{2 k ) 
~2 k 



and 



uM'{{u) = uf k {u) 2_+ 1 5^ 

M[{u) f k (u) ~ 
by (£§ 
< a2 Q . 



M'(2 fc ) 
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(2) If f' k is decreasing on [2 fc , 2 k + 1] then 



/»</I-(2 fc ) 



ofc . M'(2*)-M'(2*" 1 ) 



2 fc-i 



and 



*M?(u) u/£(u) ^ (2 fc + 1) 



M{(u) f k {u) 



< 



M'(2 k )-M'(2 k - 1 ) 
2 k-i 



M'(2^ 



< 



2 • 2 



k M'(2 k )-M'(2 k - 1 ) 



2 k-i 



M'(2 k ~ l ) 



by ( |2.5| ) applied to (fc - 1) 
< 2a2 Q . 



□ 



We now turn our attention to property (ii) of A 2 + . Note that (ii) is trivially true 
because of the requirement that every function satisfying A 2 + is twice differentiable, 
which can be easily perturbed. But even more is true. 

Lemma 2.5. Let M be an Orlicz function which satisfies condition A 2+ and let 
e > be given. Then there exists a twice differentiable Orlicz function M\ such 
that 

(1 - e)M{u) < Mi(u) < (1 + e)M(u) 

for all u eK and which does not satisfy condition A 2+ . 

Sketch of proof. This fact is not of a particular importance for our paper 
so we do not provide a detailed proof but only sketch the idea. 



Let M be an Orlicz function which satisfies (2.1) and (2.4). For any n £ N put 



<ri) = M>{n+\ + ± l )-M>(n + \- 1 L) 



0{n) 



a{n) n + \ - 



1 + 4- 

2 T JTR 



2" M'(n- 

Then there exists no e N so that for all n > no 



/3(n) < 



1 1 

2 2" 



Indeed, by Mean Value Theorem, for each n there exists c(n) £ (n+ h — ^r,n+ 



4») so that M"(c(n)) = a(n) ■ 2". Then, by (O) 



P > C -^W 1 = 2"a("),, C , ( "> > P{n) • 2 2 ". 



M'(c(n)) 



M'(c(n)) 
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Also this calculation implies that 

(3M'(c(n)) 



a{n) < 



2 n c(n) 
by® 

(3aM{c{n)) 



< 



2"(c(n)) 2 

by (|J) 

(3aC(c(n)) c 



< 



< 



2™(c(n)) 2 
(3aC{n + l) c 



2™n 2 

Thus a(n) — > as n — > oo and, for a given e > we can choose n\ > no so 
that for all n > n\ 

a(n) < e. 

For n > n\ we "adjust" M' on + 1) by setting (see the graph in Figure 2): 




Figure 2. 

M' is not differentiable at countable number of points (four on each interval 
(n, n + 1) when n > ni), but it can be further adjusted to produce M[ so that M[ 
is differentiable everywhere, \M[(x) — M'(x)\ < e for all x > and 

Af{(n+i)=M'(n + i), 
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We leave up to an interested reader the detailed formula for Mi and the check 
that Mi is (1 + e)— equivalent with M. 
For Mi we have for n > n\ 



(n + ±)M['{n+ |) _ (n + \)a{n)M'(n+ | + ^) 
M{(n+ |) ~ M{(n+ i)a(n)(n+ i - J) 



> 2 1 ' 



Hence Mi does not satisfy condition A 2 +. □ 
In the case when M satisfies the A2-condition and ||/||m < oo we have 

Am*-*- 

When M satisfies condition A2 then the dual space of Lm is also an Orlicz 
space, which is determined by an Orlicz function M* called a complementary Orlicz 
function to M which is defined by 



M*(v) = / q(s) ds 
Jo 

for v > 0, where q denotes the right inverse of M' - the right derivative of M. 



It is well-known (sec [KrR]) that M* does not have to satisfy condition A2 
whenever M does and also vice-versa: M* may satisfy condition A2 when M does 
not. Notice, however, that when M is twice differentiable, M" is continuous and 
M"(t) > for all f > then the same is true for M*, i.e. M* is twice differentiable, 
M* is continuous and M* (t) > for all t > 0. Moreover, in this situation, if 
lim^o M"(t) = 00 then lim^ M*"(t) = 0. 

For any / € Lm we will denote by / the norming functional for / i.e. the 
functional such that ||/|| ijU = \\f N \\ Lh and f N (f) = ||/||| A/ . 

We will need the following simple fact: 

Lemma 2.6. Let M be a differentiable Orlicz function which satisfies condition 
A2, A, B be disjoint subsets of [0,1] and H = spanjxA, Xb}- Suppose that T : 
T into T 

Lm — ► Lm is an isometry. 

Then (TH)* = {{Th) N : h E H} = spsai{(T X A) N , (T X b) N } and the map 
S : span{x^,x£} — » s P ^{(Txa) N , (T X b) N } defined by 

S X % = (T XA ) N , S X » = (T XB ) N 

is an isometry. 



Proof. Since M is differentiable and satisfies condition A2, by GH], Lm 
is smooth. Since Lm is a symmetric function space, for every A C [0,1], the 
norming functional X ^ = a X A for an appropriate constant a. Indeed, if a is a 
homeomorphism of [0, 1] with o~(A) — A, then T f — f o a is a surjective isometry 
of L M such that T XA = XA and (T- x )*Xa = {T XA ) N = X a- Thus 

X N A=X N A oa^ 

for any homeomorphism of [0, 1] with cr(A) = A. Hence X A \ A = const. 

Similarly, for any disjoint subsets A, B C [0, 1] , by considering homeomorphisms 
of [0, 1] with a (A) = A and a(B) = B and the isometries of Lm that they induce, 
we conclude that for every h G H = spanjx^, xb}, the norming functional for h is 
a linear combination of norming functionals x A > Xb an< ^ = span{x^, X g}. 

Let V = T _1 : TLm — * Lm- Since Lm is smooth for all / G Lm we have: 

(Tf) N = V*(f N ). 
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Thus for every h £ H: 

(Th) N = V*(h N ) £ span{F*(x£), ^*(x£)} = span^T*^, (T X b) N } 

and 

(Tff)* = span^T^, (T X b) N }. 
Further V* : H* — ► (TH)* is an isometry between subspaces of Lm* with 

v*x N A = (t X a)" , v* x n b = (t X b) n . 

□ 

We finish this section with a lemma about differentiability of the function 
(2.6) F(a, rj) = [M ( \l±M) d ^ t) _ i, 



Tj 

where a £ K, 77 > and /, g are given functions of norm 1 from Lm- We will need 
this lemma to describe the differential behaviour of N(a) = \\f + otg\\M- Lemma 2.7 
is inspired by and generalizes |Kol, Lemma 1]. 

Lemma 2.7. Let M be an Orlicz function satisfying condition A2+ and such 
that M" is continuous. Suppose that f,g £ Lm with \\f\\ = \\g\\ = 1. For a £ M, 
?7 > 0, consider the function F defined by ( [2.6] ) 

XTien 

(a) ^-^(0,77) is a continuous function with respect to rj, when rj £ (0, 1) and 



da 2 

d 2 F 



(a,l)= / M"(\f + ag\)g 2 d»(t) 



da 2 

for a.e. a £ K, 

(b) |p(a,?7) is a continuous function with respect to both variables and 

, dF 

0< |g-(0,l)| < oo, 

(c) QaQ^ {ot, rj) and ^^-(a,rj) are continuous functions with respect to both vari- 
ables and 

, d 2 F , ,d 2 F 
|^(0,l)| < 00, |^(0,1)| <oc. 

Proof. The proofs of parts (a),(b),(c) are very similar to each other and 
essentially consist of an application of Fubini's and Lebesgue's theorems. 
We will need the following auxiliary functions, for a £ K, rj > 0: 

h v (a) = J M 1 O^y^j sgn(/ + ag) 9 ~dii{t) , 

if 



w a (v) = lM'(\l±^)(-\t^)dKt), 
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v(a,rj) = -J M" 



\f + a 9\\ (f + ag)g 



dfx(t) 



M 



, (\f + ocg\ 



sgn(/ + ag)— dfx{t), 



M 



n f\f + ag\\ \f + ag\ 



T) 



■ dfi(t) 



M 



f f\f + ag\\ 2\f + ag\ 



V 



■ dfi(t) 



First notice that, since M satisfies condition (2.4), there exists (3 > so that 
for all a £ M 



M'' 



\f + gg\ 



\f + ag\<(3M' 



,{\f + ag\ 



n 



By [KrR, Lemma 9.1, p. 73], for any a£l and 77 > 

T i f\f + a 9\ 



M 



£ L 



where M* is the complementary Orlicz function to M. Thus, by the generalized 
Holder's inequality ( jKrR] , Theorem 9.3, p. 74]): 

(2.7) \h n (a)\ < oo , \w a (r])\ < oo , \v(a,rj)\ < oo , \z a (rj)\ < oo, 

for all a £ M, 77 > 0. 

Notice that for any j3, u, v £ R, r\ > we have: 



n ( \u + av\ \ v 



M 

V 

So, by the Fubini theorem 



■da = M 



i ( \u + av\ 



sgn(u + olv)- 
j 7? io 



s v (a) da = h v (/3) — h v (0) . 

Thus Sri is absolutely integrable on [0,/?] with respect to a, Is^l < oo for almost all 
a and is a primitive for s v . By Lebesgue's theorem, for each ?/ > 0, 



— h n (a) = s v (a) 



for almost all a £ 



Similarly, for each 77 > 0, f h n (a) da — F(a, 77)^ and 

dF 

— (a, 77) = h v (a) 
oa 



for almost all a£l Thus for 77 = 1 



d dF , 



Sl{a) = _ hl{a) = __ M 

and we get the formula in part (a). 

The continuity of (a, 77) follows from the fact that M" is continuous (see 
e.g. Sections IV.2, IV.4]). 

To prove (&) we use the same argument after we notice that for each a£l and 
for any e, £ > 0: 





' \u + av\ \ 






v i) ) 



. \u + av\ 

H r ^)dr ) = M 



\u + av\ 
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Thus, as above, ^{a,rf) = w a (r)) for almost all 77 > and the continuity of 
^(a,rf) follows from the continuity of M' [C[ . 

Since w a {ri) < for all rj > 0, we get §|-(a, 1) 7^ 0. 

Similarly, to get (c) we repeat the argument from above since we have for each 
ij > 0, and e, ( > 



C ( f\u + av\\ (u + av)v , (\u + av\ 



-M ( — ) ± 3-^- - M ( z 1 sgn (u + av)— ) da 



V 

r\ ) rf \ i] J 



= ( -M' f\ u + av W \ u + av\ 



rj J rj 2 

Thus 

for almost all a G K, 77 > 0. 

Finally, for each 77 > 0, and £, £ > 

M „ f \u + av\ \ \u + av\ 2 | M , / \u + av\ \ 2\u + av[ . 



- I M' ^ U + av ^ \ u + av \ 



Thus 

n d d 2 F 

for almost all a £ K, 77 > 0. 

Continuity of both v(a,r]) and z Q (r?) with respect to a and r\ is again a conse- 



quence of continuity of M' and M" . The hnal statement follows from (2.7). □ 



3. The case of M"(0) = 

We first study the case of Orlicz spaces Lm analogous to L p ,p > 2 in a sense 
that M"(0) = 0. We obtain the following partial description of functions with 
disjoint supports. 

Proposition 3.1. Assume that M is an Orlicz function which satisfies condi- 
tion A2+ and such that M" is a continuous function with M"(0) = and M" ' (t) > 
for all t > 0. Let f,g£ Lm and N(a) = \\f + ctg\\M- 

Then 

(a) If f, g have disjoint supports and g is bounded then N'(Q) — and N" (a) — > 
as a — > along a subset of [0, 1] of full measure. 

(b) If N'(0) = and N"(a) — > as a — > along a subset of [0,1] of full 
measure then /, g have disjoint supports. 

Proof. First note that since M is differentiable and satisfies condition A? 



thus, by [GH], Lm is smooth and the function N(a) is differentiable. Since N(a) 
is a convex function of a also the second derivative N" (a) exists a.e. 

Notice that if /, g 6 Lm are disjointly supported then N clearly has a minimum 
at 0, so N'(0) = 0. Thus in the following we will work under the assumption that 
N'(0) = 0. 
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Assume, without loss of generality that ||/||a/ = HsIU/ = 1, and let F(a,r]) be 
defined as in Lemma 2.7. Since M satisfies A2-condition we have F(a, N(a)) = 
for all ael. Therefore ^(F(a, N(a))) = for all a. Hence 



d c)F OF 

(3.1) = — (F(a, N(a))) = N{a)) + %-(a, N(a))N'(a) 

da oa ar\ 

and by taking the derivative again we get: 



(3.2) 



d 2 F 
da 2 



(a,N(a)) 



+ 



d 2 F 
dadr] 

d 2 F 



(a,N(a))N'(a) 



d 2 F 



d adr, {a > N{a)) + W ia,N{a))N ' {a) 



N'(a) 



+ ^(a,N(a))N"(a) 



Let A be the set so that for a € A, N '(a) exists and ^4£(a, 1) is given by 
the formula from Lemma |2.7| (a). By Lemma 2.7(c) there exists a sequence (a n ) C 
A, a n — > so that §^§z (ct n , N(a n )) and N(a n )) are bounded for all n G N. 

Since N'(a n ) — > and since, by Lemma |2.7| (b), Qf-(a n , N(a n )) ^ for n large 
enough, we get that 



,. d 2 F 
llm ITT 

n—>oo (jo. 



(a n ,N(a n )) = lim N"{a n ) = 

n — inn 



Since §-4-(cK;?7) is a continuous function with respect to both a and rj we 
conclude that 



lim 



d 2 F 
da 2 



(on, 1) = <J=> lim iV"(a„) = . 



Since a n G A, we obtain, by Lemma 2.7(a) 



(3.3) 



d 2 F . 
da 2 



K,l)= / M"(|/ + a„ ff |) 5 2 d/x(t) 



If supp / fl supp g = then (3.3) becomes 
d 2 F 



da 2 



M"(\a n g\)g 2 d[i(t) 



and since \g\ is bounded and M"{t) — ► as i — > we conclude that ^r(a n , 1) — ► 
as 7i — ► oo and therefore limn^oo N"{a n ) = 0. 

If supp / n supp g ^ let B C supp / n supp g and 6i , 62 , 63 , 64 > be such that 
> 0, < hi < \f(t)\ < 6 2 , < 63 < \g(t)\ < 64 for all t G B. Now let n G N 
be such that for all n > uq and all t G B: 

M"(\f{t)+a n g{t)\))> l -M"{b 1 ) . 
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Then since M"(\f(t) + a n g(t)\)g 2 {t) > for a.e. t, we get for n > n : 

M"(\f + a n g\)g 2 d^t) > J M"(\f + a n g\)g 2 d»(t) > ^(B)M"(b 1 )b 2 3 > . 

Hence linin^oo |^(a„, 1) ^ and therefore linin^oo N"(a n ) ^ 0. □ 

The above partial characterization of disjointness allows us to immediately 
conclude that isometries from subspaces of Lm which contain enough disjointly 
supported bounded functions into Lm have to preserve disjointness. 

Theorem 3.2. Assume that M is an Orlicz function which satisfies condition 

A2+ and such that M" is a continuous function with M"(0) = 0. Let T : Lm 
Lm be an isometry. Then T preserves disjointness. 

4. The case of M"(0) = 00 

In this section we study Orlicz spaces Lm analogous to L p , 1 < p < 2. In this 
case we do not find any characterizations of disjointness. Instead we give conditions 
which help us to determine when support of / is contained in the support of g. Our 
conditions do not provide a full characterization of containment of supports but 
they are sufficient to determine that isometries have to preserve the containment 
of supports. 

Proposition 4.1. Assume that M is an Orlicz function which satisfies A2+ 
condition and such that M" is a continuous function on (0, 00) with limt^o M"(t) = 
00. Let f,g £ L M with \\f\\ = \\g\\ = 1. 

Then 

(a) /i(supp<7 \ supp/) > =>■ lim Q ^o N"(ot) = 00 

(b) If /, g are simple then 

H (supp g \ supp/) = => lim N"(a) ^ 00 . 

PROOF. Similarly as in the proof of Proposition |3.l| we see that equation ( |3.2| ) 
is valid i.e. 

d 2 F , , „ d 2 F 



(4.1) 



d 2 F , , NS d 2 F 



()lu)rj ^N(a)) + w (a,N(a))N'(a) 
^-(a,N(a))N"(a) 



N'(a) 



Let A be the set so t hat for a £ A, N"( a) e xists and §^r(o:, 1) is given by the 



formula from Lemma 2.7(a). By Lemma 2.7(c) there exists a sequence (a n ) C 
A, a n — > so that J 1 g a (a n ,N(a n )) and ^4-(a n ,N(a n )) are bounded for all n £ N. 
N'(a) is a continuous function of a and |Jv'(0)| < 00 by ( |3.l[ ) and Lemma p?7|(b). 
Thus ■2^(a n ,N(a n ))N'(a n ) and ^(a n , N(a n ))N' (a n ) are bounded for all n £ 
N. Therefore, since S^(a n , N(a n )) is bounded for all n by Lemma |2.7|(b), we get 



from (|4.l|) that 



d 2 F 

lim — — - -{a n , N(a n )) = oc <^=^ lim N"(a n ) = 00 

n — >oo Oct n — >oo 
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Since (a n , 77) is a continuous function with respect to 77 we conclude that 
d 2 F 

lim (a n , 1) = 00 <^==> lim N"{a n ) = 00 . 

n — >oo Q(x u — >oo 



Since a n 6 A, wc obtain by Lemma 2.7(a) 

|4-K, 1) = / M"(\f + a n g\)g 2 dfi(t) 

For (a) assume that /i(supp g \ supp /) > and let S C supp g \ supp / be such 
that fx(S) > 0,M{\g(t)\ : t G S} = s x > and sup{|#(i)| : t 6 5"} = s 2 < 00 . 
Denote 

m„ = inf{M"(|a„s|) : se[s b s 2 ]}. 

Since a„ — > as n — > 00 and M" (t) — > 00 as £ — > 0, we get linin^oo to„ = 00. 
Thus we have 

d 2 F 



(i f2 K,l) > / M"{\a n g\)g z d^{t) 



s 

> fi(S)m n ■ s 1 — > 00. 

n — >oo 

Thus linin^oo N"(a n ) = 00 and therefore lim Q ^o N"(a) — 00. 

For (b) assume that /, g are simple and //(suppg \ supp/) = 0. Set to/ = 
inf{/(t) : t G supp g}. Since / is a simple function to/ > and since g is bounded 
there exists ao > so that \f(t) + ag(t)\ > \rtif for all t and all a with |a| < oto- 
Let <5 = sup{M"(t) : \m } < t < WfW^ + ||#||oo} • By continuity of M" on 
(0, 00), So < 00. Thus for all n such that \a n \ < cxq we have: 

M"(\f + a n g\)g 2 d^t) < S ■ \\g\H, < 00 

/suppg 

Hence lim n _ >00 N"(a n ) ^ 00 and therefore lim^^o N"(a) / 00. □ 

Corollary 4.2. Assume that M is an Orlicz function which satisfies A2+ 
condition and such that M" is a continuous function on (0, 00) with lim t ^o M"(t) = 

00. Let T : Lm — — ° ijif &e ATI isometry and f,g£ Lm be such that supp / = supp g 
up to a set of measure zero. Then supp TV = suppTg up to a set of measure zero. 

Proof. Without loss of generality we assume that f,g are simple and ||/|| = 
II.9H = 1. By Proposition |4.l|(b) we see that lim a ^o N"(a) ^ 00. Since T is 



an isometry N(a) = \\Tf + aTg\\ and thus by Proposition 4.1(a) /i(suppTg \ 
supp 77 i I'. 

Exchanging the roles of / and g we symmetrically obtain /i(supp Tf\suppTg) — 
0. □ 

After the author presented this paper at the Conference on Function Spaces 
at Southern Illinois University at Edwardsville, Abramovich and Kitover AKl| 



showed that an isometry T between Banach function spaces satisfies condition from 



the conclusion of Corollary 4.2 if and only if T -1 : TX — ► X is disjointness 
preserving. However they also showed that in general it is possible to construct 
operators satisfying the above condition but such that TX does not have non- 
trivial disjoint elements and, in particular, T is not disjointness preserving (cf. also 
AK§). 
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Below we show that such a situation cannot happen in the case of Orlicz spaces, 
i.e. every injective isometry preserving equality of supports does preserve disjoint- 



Theorem 4.3. Assume that M is an Orlicz function which satisfies A2+ con- 
dition and such that M" is a continuous function on (0, 00) and lim t _>.o M"(t) = 00. 

Then every isometry T : Lm Lm preserves disjointness. 



Proof. By Corollary 4.2 it is enough to show that for any two disjoint sets 
A, B, c [0, 1] we have ^(suppTx^ n supp T\b) — 0. 

The proof of this fact is very short if we assume in addition that M"(t) > 
for alH > and that the complementary function M* satisfies A2+ condition. We 
present this simple duality argument first, and then we show a longer proof which 
does not require any additional assumptions. 

Denote H = span{xA,Xs}- By Lemma 2.6 the map S : span{x;^ , %£> } — > 
spaix{(T XA ) N , (T X b) n } defined by 



Sx N a={TxaY\ s x %^{t Xb 



N 



is an isometry. 

Notice that for all v 



(M*)>) 



M"({M')- l {v))' 



So (M*)" is continuous, (M*)"(v) > for all v > and 



lim(Ar 

v— >0 



)"(v) = lim 



1 



0. 



If M* satisfies A2+-condition we obtain by Proposition p.l| that S preserves 

dense in span{x^,Xs} C L M *. 
\[, we conclude that /i(suppTxA n 



disjointness, since bounded functions are clearly dense in span{x^,Xs} C Lm 



And since supp h N = supp h for all h € L 
suppTxs) — as desired. 

If M* does not satisfy A 2 + condition or if M"(t) ^ for all t > 0, we will 
apply a much longer, more direct approach relying on the fact that (TH)* = 
span{(Tx^) JV , (Txb) n } is a subspace of Lm* ■ 

Deno te / = xa, 9 = Xb and for any scalar a let h — xa+ckxb and Th = f+ag. 
By [GH] for almost every t € [0, 1] we have: 



(Th) N (t) = Ca M'( %±^M )s g n((f + ag)(t)) 
V \\.f + a 9\\ J 

f N (t) = C f M> (M) sgn(/(i)) , 

9 N (t) = C g M' (^y g n(g(t)) , 

where constants C a , Cf , C g do not depend on t. 

Thus for each a there exist f3\ (a), ^{a) so that 
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(4.2) 
M' 



KMM) 8g „ ((/ + ct9 > (()) 



0i(a)M' Oj^j S gn(f(t))+(3 2 (a)M> (J|£jl ) s .,u,, ,(/)>. 



Since A n B = 0, by Corollary W 



p(suppg \ supp /) > and 
Msupp/ \ supp 5) > 0. 
Thus for t £ supp / \ supp g equation (|4.2|) becomes 



(4-3) M' sgn(/(i)) = (3i(a)M' (M) sgn(/(i)) + 0. 

Our next goal is to evaluate /3i (a) . We follow a technique similar to the one in 
the proof of Jr], Theorem 6.1]. 

Suppose that |/| 
suppg so that 



is not constant, that is there exist t\,t 2 € supp/\ 

supp/\suppg 

¥= |/(*a)|/||/||. Denote x t = \f(U)\/\\f\\, i = 1,2. Then 



flf.3j ) becomes 



M'(^i-|^y) - 0i(a)M'(xi) 



Thus 



M 



' ( x , . ML) M > ( Xo . ML) 

\ Xl N(a) J m \ X2 N(a) J 



(4.4) 

v ' M'(xi) M'(x 2 ) 

for all ft£l. Notice that N([0, oo)) = [||/||, oo). Thus (||/ ||/iV(a:)) £ (0, 1]. 
Set 

11/11 a _ M'( Xl ) xx 

2 N{aY P ~ M'(x 2 )' 4 x 2 ' 



Then (4.4) becomes 

M'(fu) = /?M'(u) 

for all u £ [0, X2]. 
Thus 

M(fti) = KM(u) 

for all u € [0,353] an d by 0, Lemma 6.2] there exists p > 1 and constants C\,C 2 
so that for all u < x 2 



C 2 u p < M(u) < C lU p . 
Moreover, if M{u) ^ Cu p for u G [0, x 2 ] then there exists 7 > such that 
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(4.5) 



M'(a 7 fe ) = M'(a)M'(j k ) 



for all a > 0, k G Z and £ G {7*= G Z}. 



Thus if l/l 



is not constant and if M(u) ^ Cu p for u near zero then 



supp/\suppg 



there exists x > and 7 satisfying (4.5) so that G {xj k : k G Z} for all 

< G supp/ \ suppg. Hence (4.3) becomes 



By 



M' [xy 

we get 

M'(j k )M' ( x 



k ll/ll 



iV(a) 

11/11 
N(a) 



/3i(a)M'(a;)M'(7 fe ) . 



Hence 



M 



(4.6) 



A (a) 



/ f T 11/11 ^ 
M'{x) 



Clearly, if |/| 



= const. = x then (|T|) becomes 



upp /\suppg 



M' X 



N(a) 



p^M'ix) 



and (y>D holds. 

Using similar technique we show that when M(u) ^ Cu p for u near zero for 
any p, then there exists y > so that 



A/ 



(4.7) 



1 (ylslk 

\y N(a 



M'{y) 



Thus for t G supp / (~l supp 17, (4.2) becomes: 
r / /!/(*) +0»(*)l 



Af 



AT(a) 



sgn(/(i) + ag(t)) 



(4.8) 



1 



■Af' [x ■ 



ll/l 



M'(y) 



AT' U- 



iV(Qf) 

«l lldll 



*(W)-™ 



2V(a) 



Af' 



llffll 



sgn(s(<)) 



Fix f G supp / n supp 5 and let ao > be small enough so that sgn(/(t) + 
ag(t)) — sgn(/(t)) for all a G (0, «o)- We differentiate ( |4.8| ) with respect to a when 
a G (0, ao): 
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\f(t) + ag(t)\\ sgn(f(t))g(t)N(a)-N'(a)\f(t)+ag(t)\ 



(, N(a) ) Sgn(m 



2 



1 :M ,(m). sgnim . M .,( x "/in <-* 



>2 



M'(x) V 11/11 / " wwy V N(a)J ( N (a)) 
■ 1 M'( lm )zgn(g(t)) M"(y " l|g|1 ^ ~ >//" HI 



Af'(tf) V llffll / v v " V N(a)J (N(a)) 
When a approaches zero we obtain: 

1 : tffiW(« 



m'(^) v ii/ii / * VJW/ w V 11/ 
1 M' f^)\\ < , t ss y\\g\\- 



° ■ lim M" (a- M 



M'(y) V llffll J & " v " II/II 2 — o V W(a) 
which is a contradiction since 



lim W 



vU\ 



a^o \ N(a) 
and all other quantities in the above equation are finite and nonzero. 

Hence /^(supp / n supp g) =0. □ 

5. Final remarks 

In this section we summarize the results that we obtained: 

Corollary 5.1. Suppose that M is an Orlicz function satisfying condition 
A2+ and such that M" is continuous and either limt^o M"(t) = 00 or M"(0) = 

and M"(t) > for all t > 0. Suppose further that T : Lm Lm is an isometry. 
Then there exist a Borel map a : [0, 1] — ► [0, 1] and a function a : [0, 1] — > K 
(or, if Lm is complex, a : [0, 1] — ► C) so that for every f £ Lm and almost every 
te[Q,l]: 



(5.1) Tf(t) = a(t)f(a(t)) 

Moreover \a(t)\ = 1 a.e. unless there exist constants Ci,C2,io > and p,l < 

p < CO, 

so that for all t < to : 

dt p < M(t) < C 2 t p . 
If such constants exist, but (M(t)/t p ) ^ const, on any interval containing 
then there exist A,j > so that for a.e. t, \a(t)\ — A ■ ^y k ^\ where kit) G Z. 



Proof. It follows from Theorems 3.2 and 4.3 that T preserves disjointness. 
Abramovich |B] proved that this implies that T is a weighted composition operator 
i.e. T has form (5.1). 

To prove the "moreover part" we will use the nonatomic version of jR| Theo- 
rem 6.1] which we remind below: 
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Theorem 5.2. Let M be a continuous Orlicz function and let f,g G Lm be 
disjoint elements such that /, g ^ and {h N : h € span{/, g}} — span{f N , g N } C 
L* M . Then one of three possibilities holds: 

(1) there exists a scalar kf so that \f(t)\ = fc/ for almost all t 6 suppf; or 

(2) there exists p, 1 < p < oo, C > and t > so that M(t) = Ct p for all 
t < to; or 

(3) there exist p, 1 < p < oo and constants C\ 1 C2, to, 7, fc/ > so that Cit p < 
M(t) < C\t p for all t < to amrf suc/i t/ia£ /or almost all t 6 suppf there 
exists k(t) G Z 

|/(t)|=fc r7 fe (*) 

Remark 5.3. Theorem 6.1] is stated and proven for sequence spaces £m, 
but the nonatomic version requires only very minor routine adjustments, so we 
leave them to the interested reader. 

Now we recall that by Lemma |2.6| , for any disjoint subsets A, B of [0, 1] we 
have {(Th) N : h 6 span{xA, Xb}} = span{(T X A) N ', (T X b) N }- But we know that 
T\a, Txb are disjointly supported so the "moreover part" of Corollary |5.l| follows 
directly from Theorem |T2 applied to / = Txa, g = Txb- d 



Remark 5.4. The statement of Corollary 5.1 leaves open the case when M" 
is continuous and M"(0) — c for some c, < c < 00. The function M2(t) = t? 
belongs to this case and of course Lm 2 has non-disjointness preserving injective and 
surjective isometries. 

If M{t) ^ t 2 on [0, 1] then it is known that all surjective isometries are disjoint- 
ness preserving; however our differential technique does not seem to provide enough 
information about injective isometries in this case. We feel that the hardest case 
would be to distinguish behavior in L2 from Lm where M (t) = t 2 for all t < a < 1 
but a is close to 1. 



Remark 5.5. Our results deal with injective isometries where domain is entire 
LM(see also the remark before Theorem [3T2] ). It would be interesting to determine 
if isometries from subspaces of Lm into Lm have to be disjointness preserving, as 
it is the case in L p ,p ^ 2 (cf. [ 
where a is large enough, then Lm contains an isometric copy of £^ (Hi, Example 3] , 
so clearly injective isometries from the subspace of Lm do not have to preserve 
disjointness in this case). 



Kol|); (note that when M(t) = t 2 for all t < a < 1, 
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